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Turning deformation of cubic polynomials with
critical orbit relations
Shizuo Nakane ∗
In this note, turning deformation of cubic polynomials is investigated. Especially, turning
deformation of maps with critical orbit relations is studied. It is described via the Dehn twist and
transitivity of the monodromy is shown.
1 Introduction
Consider the family of cubic polynomials of the form :
P (z) = Pb,λ(z) = z
3 + bz2 + λz, b ∈ C,
where λ ∈ D \ {0}. Thus the origin is an attracting ﬁxed point of multiplier λ. We
consider the central hyperbolic component A of this family, that is, the subset of
maps both of whose critical points belong to the immediate basin BP of the origin.
The critical points of P are expressed by c± =
−b±√b2 − 3λ
3
. Note that these
functions c± are multi-valued and interchanged through some paths. We ﬁx their
branches soon. Put Aλ = {b ∈ C; (b, λ) ∈ A}.
Consider the Kænigs coordinate ϕP of the origin. It is a conformal map around
the origin satisfying ϕP (0) = 0 and ϕP (P (z)) = λϕP (z). It is analytically contin-
ued by this functional equation until it meets a critical point. It is deﬁned up to
multiplication by non-zero constants. Thus we normalize it so that ϕP extends to a
conformal isomorphism ϕP : UP → D, where UP is a simply connected domain, ∂UP
contains c+ and ϕP (c+) = 1. This normalization uniquely determines ϕP . This also
ﬁxes the branch of c±.
For a complex number s ∈ H+ = {s ∈ C,Re s > 0}, put s(z) = z|z|s−1 and we
deﬁne a P -invariant almost complex structure σs by
σs =
{
(s ◦ ϕP )∗σ0 on UP ,
σ0 on C \K(P ).
Then, by the Measurable Riemann Mapping Theorem, there exists a unique quasi-
conformal map hs such that σs = h
∗
sσ0, hs(0) = 0 and Ps := hs ◦P ◦ h−1s ∈ A. Thus
we deﬁne a holomorphic map WP : H+ → A by WP (s) = Ps. This quasiconformal
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deformation is deﬁned in Petersen-Tan Lei [PT] and is called the Branner-Hubbard
deformation. Note that such a deformation was originally deﬁned for Bo¨ttcher co-
ordinate and developed in Branner-Hubbard [BH1, BH2]. They called it wringing.
See also Branner [B].
It easily follows that ϕPs = s ◦ ϕP ◦ h−1s and P ′s(0) = s(P ′(0)). Thus s(λ) = λ
for s = s(k) := 1 +
2kπi
log |λ| , k ∈ Z. Thus we can deﬁne the monodromy map
Mλ : Aλ → Aλ by Mλ(P ) = Ps(1). Note that 1+ti ◦ 1+t′i = 1+(t+t′)i. Hence it
follows that ks(1) = s(k) and M
k
λ (P ) = Ps(k).
We call the curve {P1+ti; t ∈ R} the turning curve through P and the corre-
sponding deformation turning deformation.
In this note, we investigate the monodromy map Mλ. The monodromy map is the
ﬁrst return map to Aλ along the turning curve. Put Aλ(k,m) = {b ∈ Aλ;P k(c−) =
Pm(c+), P
k−1(c−) = Pm−1(c+)}. These relations are kept invariant under turning
deformation. We will show that the monodromy map acts transitively on Aλ(k,m).
This extends the result in Yazawa [Y], where the transitivity on Aλ(k, 0) is shown.
2 Dehn twists
In this section, we describe the monodromy map Mλ via the Dehn twist on an
annulus. We may assume 0 < λ < 1.
Let A1 = {z ∈ C; 1 < |z| < λ−1} be an annulus. The Dehn twist D1 on A1 is
just deﬁned by
D1(r exp(2πit)) = r exp(2πi(t− log r
log λ
)).
Put s = 1 +
2πi
log λ
. Then the map s(z) = z|z|s−1 is a qc-map A1 → A1 of the
form :
s(re
2πit) = r exp(2πi(t +
log r
log λ
)).
Hence its inverse −1s (re
2πit) = r exp(2πi(t− log r
log λ
)) is just the Dehn twist D1 on the
annulus A1. See Figure 1. It spirals once around the origin.
Consider the inverse ψP of the map ϕP . It is univalent on D but it has multiple
branches on C\{1}. Put ψP,0 be the univalent extension of ψP to C\[1,∞). Let ψP,n
be the univalent extension of ψP to UˆP,n = 
−1
s(n)(C \ [1,∞)) and UP,n = ψP,n(UˆP,n).
Note that
hs(n)(UP,n) = hs(n) ◦ ψP,n ◦ −1s(n)(C \ [1,∞))
= (s(n) ◦ ϕP ◦ h−1s(n))−1(C \ [1,∞))
= ψPs(n),0(C \ [1,∞)).
The following Figures 2 and 3 give the maps ψP,0 and ψP,1 : UˆP,1 → UP,1 re-
spectively in case P ∈ Aλ(1, 0). Note that the set Aλ(1, 0) consists of 4 points,
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1 λ−1
Figure 1: Dehn twist
say ±b and ±b¯. Since P−b(−z) = −Pb(z) holds, there exist essentially two maps.
The dynamics in Figure 3 above is deformed by hs(1) to the dynamics in Figure 3
below, which turns out to be of Mλ(Pb) = Pb¯. Thus the monodromy is transitive on
Aλ(1, 0).
ψP,0
c−
c+
1 λ−10
0
Figure 2: the map ψP,0, the shaded region is UP,0
The following ﬁgures express the parameter space A1/2 and the basin for Pb ∈
A1/2(1, 0) with b  −1.25− 0.464i.
To show the transitivity of the monodromy on Aλ(k, 0), we need to know the
pattern of the regions UP,j, which is possible via the Dehn twists. Let An be the
annulus in BP corresponding to the equipotential λ−n+1 < r < λ−n for 0 ≤ n ≤ k.
The critical point c− must be one of the 2k preimages of c+ on the outer boundary
∂outAk of Ak. The outer boundary of An consists of 2
n preimages of ∂UP , which
we denote γ(n, j (mod 2n)) anticlockwise. Here we put γ(n, 0) the one contained in
UP,0. See Figure 4 in case n = 2.
Since the map P : An → An−1 is of degree two, the inner boundary of An
Turning deformation of cubic polynomials with critical orbit relations 21 
ψP,1
c−
c+
1 λ−10
0
1 λ−1
c+
c−
ψPs(1),0
0 0
Figure 3: the map ψP,1 (above) and the map ψPs(1),0 (below)
is mapped by −1s(1) to the second half of its outer boundary. This implies that
UP,1 contains γ(n, 2
n − 1) for each n. The same argument says that UP,j contains
γ(n, 2n − j) for each n. Thus this covers all possible locations of the critical point
c−. This proves the transitivity of Mλ on Aλ(k, 0). See [Y].
3 Monodromy of cubic polynomials
We will show the transitivity of the monodromy on Aλ(k,m) with m ≥ 1.
Proposition 3.1. Aλ(k,m) ∪ Aλ(m, k) = ∅ if k,m ≥ 2.
proof. The proof is a modiﬁcation of that of Proposition 2 in Yazawa [Y].
Here we use his notations. Let f = fa,b = z
3 − 3(a + b)z2/2 + 3abz be a cubic
polynomial with a ﬁxed point at the origin and distinct critical points a, b. Put
Fk,m(a, b) = f
k(b) − fm(a), Sk,m = {(a, b) ∈ C2;Fk,m(a, b) = 0} and Rk,m =
{(a, b) ∈ C2; Fk,m(a, b)
Fk−1,m−1(a, b)
= 0}. Since h(z)− h(w)
z − w
∣∣
z=w
= h′(w), it follows
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Figure 4: Shaded regions indicate UP,0 (left) and UP,1 (right)
Rk,m∩Sk−1,m−1 = {(a, b) ∈ C2; fk−1(b) = fm−1(a) equals to a critical point a or b}.
The following lemma was proved in [Y] in case m = 0. Then since Rk,m = {(a, b) ∈
C
2; z2 + zw+w2−3(a+ b)(z+w)/2+3ab = 0, z = fk−1(b), w = fm−1(a)}, it follows
that (0, 0) ∈ Rk,m.
Lemma 3.1. (cf. [Y] Lemma 4) The point (0, 0) is isolated in Rk,m ∩ ({0} × C).
proof. Since Rk.m ∩ {a = 0} = {(0, b) ∈ C2; (fk−10,b (b))2 − 3bfk−10,b (b)/2 = 0}, we
have only to show that (fk−10,b (b))
2 − 3bfk−10,b (b)/2 ≡ 0. It is easy to see, by induction
on n, that fn0,b(b) is a polynomial of b of degree 3
n. Thus the lemma is true. 
Note that Rk,m is an algebraic set and has no isolated points. Take a small
r > 0. Lemma 3.1 assures the existence of points (a, b) ∈ Rk,m \ {(0, 0)} with
0 < |a|, |b| < r. Then 0 < |f ′a,b(0)| < 1 and |fa,b(z)| < |z| for |z| < r. Hence
both critical points belong to Bfa,b . Now suppose (a, b) ∈ Rk,m ∩ Sk−1,m−1. By the
argument above, it follows that fk−1a,b (b) = f
m−1
a,b (a) = a or b. That is, a or b is a
periodic point. Then it does not belong to Bfa,b , a contradiction. Thus we conclude
that (a, b) ∈ Sk,m \ Sk−1.m−1. Since we cannot distinguish a and b, we can just
say (a, b) ∈ Aλ(k,m) ∪ Aλ(m, k) with λ = f ′a,b(0). This completes the proof of
Proposition. 
Lemma 3.2. Aλ(1,m) = ∅ for m ≥ 2.
proof. The argument above does not work if k = 1 or m = 1 because, in
Rk,m ∩ Sk−1,m−1, fk−1(b) = fm−1(a) is automatically b or a respectively. Instead,
we use the real subfamily P (x) = x3 + bx2 + λx, b, λ ∈ R. Suppose 0 < λ < 1 and
b ∈ [−2√λ,−√3λ]. Then, P has three real ﬁxed points and both critical points c±
are real and belong to BP and satisfy 0 < c+ ≤ c−. It is easy to see that c+ = c− at
b = −√3λ and P (c−) = 0 at b = −2
√
λ. For any b ∈ (−2√λ,−√3λ), there exists
a unique m such that Pm+1(c+) < P (c−) ≤ Pm(c+). Thus, for any m ≥ 2 there
exists b ∈ (−2√λ,−√3λ) such that P (c−) = Pm(c+). Now we have shown that
Aλ(1,m) = ∅ for m ≥ 2. 
Lemma 3.3. Aλ(k, 1) = ∅ for k ≥ 1.
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proof. We deﬁne the equipotential curves in BP by the level curves of the func-
tion |ϕP (z)|. Note that the level curves are pinched only at preimages of the critical
points. Put Γn = {z ∈ BP ; |ϕP (z)| = |ϕP (P−n(c−))|} and let Un(z) be the connected
component of BP \ Γn containing z for n ∈ Z. Then P : Un(z) → Un−1(P (z)) is a
proper holomorphic map of some degree. We have that Un(z)∩Γn−1 is connected. In
fact, otherwise, an equipotential curve must be pinched between level n and n− 1,
which is impossible since there is no critical level there. Here we use the critical
orbit relation.
Now suppose that P ∈ Aλ(k, 1). Then since P k(c−) = P (c+) and P k−1(c−) =
c+, we have P
k−1(c−) = c˜+, the co-critical point of c+. Consider the components
Un,± := Un(c±) and Vn := Un(c˜+). We will show by induction that these are distinct
for any n ≥ 1. Then the open set U := ∪n≥0Un(c+) is a proper subset of BP and
any point on its boundary has level ∞, a contradiction. This ﬁnishes the proof.
First we show the case n = 1. Suppose U1,+ = U1,−. Then P (U1,+) = U0,+.
Hence c˜+ = P
k−1(c−) ∈ U0,+ and P : U0,+ → U−1(P (c+)) = U−1,+ is of degree 3,
which contradicts c− ∈ ∂U0,+. Next suppose U1,+ = V1. Then P : U1,+ → U0,+ is
of degree 3, which is impossible since c− /∈ U1,+. If U1,− = V1, then P k−1(U1,−) =
V2−k ⊂ V1 = U1,−, which implies 0 ∈ U1,−, hence c+ ∈ U1,−. This is impossible since
c+ /∈ U1,−.
Now we consider the case n > 1. If Un,+ = Un,−, then P : Un,+ → Un−1,+ is of
degree 3, hence c˜+ = P
k−1(c−) ∈ Un−1,+. This contradicts the induction hypothesis.
If Un,+ = Vn, then P : Un,+ → Un−1,+ is of degree 3, which contradicts c− /∈ Un,+. If
Un,− = Vn, then P k−1(Un,−) = Vn−k+1 ⊂ Un,−, which is impossible since c+ /∈ Un,−.
Thus we conclude that Aλ(k, 1) = ∅ for k ≥ 2.
Finally we show that Aλ(1, 1) = ∅. In fact, P (c−) = P (c+) and c− = c+ implies
c− = c˜+, which implies the ﬁber P−1(z) of a point z close to P (c+) consists of 4
points, a contradiction. This completes the proof. 
If we take a P ∈ Aλ(k,m), it follows P k(c−) ∈ UP , hence the component Uj
containing P j(c−) touches a point zj ∈ P j−k+1(c+)∩ ∂outA−j+k−1 for 0 ≤ j ≤ k− 1.
Especially, Uk−1  c− touches ∂outAk−1. Then the same argument as for Aλ(k−1, 0)
works if we replace c− by z0. Put A˜(k,m) = A(k,m)/ ∼affine.
Theorem 3.1. The monodromy Mλ on A˜λ(k,m) is transitive for any (k,m).
Figure 5 expresses the dynamics of P = Pb ∈ Aλ(2, 2) with b  −1.28 − 0.46i.
Compare Figure 3. We have Ps(1) = Pb¯. The set A˜λ(2, 2) consists exactly of these
two maps.
As a corollary, we get the number of parameters in A˜λ(k,m).
Theorem 3.2. We have #A˜λ(k, 0) = 2k and #A˜λ(k,m) = 2k−1 for m ≥ 1.
Put A(k,m) = {(b, λ) ∈ A;P k(c−) = Pm(c+), P k−1(c−) = Pm−1(c+)}. Theorem
3.1 says that the Branner-Hubbard deformation WP : H+ → A˜(k,m) gives a locally
analytic parametrization (hence a universal covering) of A˜(k,m). Consider the
multiplier map λ on A˜(k,m). It is a proper holomorphic map from A˜(k,m) onto D.
We will calculate its degree.
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ψP,1
c−
c+
1 λ−10
0
U1
Figure 5: the map ψP,1
Theorem 3.3. The map λ : A˜(k,m) → D is of degree 2k if m = 0 and 2k−1
otherwise.
proof. Fix λ0 ∈ D. Then since λ−1(λ0) = A˜λ0(k,m) consists of 2k or 2k−1
elements if m = 0 or m ≥ 1, respectively. This completes the proof. 
Figure 6 is the connectedness locus of the subfamily with λ = 1/2. Figures 7, 8
and 9 present the immediate basins of the maps in A1/2(1, 0),A1/2(2, 0) and A(2, 2),
respectively. They express the euipotential curves and correspond to Figures 2, 4
and 5, respectively.
Figure 6: Parameter space for A1/2 Figure 7: Dynamics of P ∈ A1/2(1, 0)
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Figure 8: Dynamics of P ∈ A1/2(2, 0) Figure 9: Dynamics of P ∈ A1/2(2, 2)
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